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Abstract

We investigate the computational power of parallel modeth directed reconfigurable buses and
with shared memory. Based on feasibility consideratioresgnt in the literature, we split these
models into “heavyweight” (directed reconfigurable bugke, Combining PRAM, and the BSR) and
“lightweight,” (all the other PRAMS) and then find that thealwgweight class is strictly more powerful
than the lightweight class, as expected. On the other haad;ontradict the long held belief that the
heavyweight models (namely, the Combining CRCW PRAM, th&kB&nd the models with directed
reconfigurable buses) form a hierarchy, showing that alhefrt are identical in computational power
with each other. We start the process by showing that thesi@wilwrite conflict resolution rule is uni-
versal on models with reconfigurable buses (in the sensedmaplex conflict resolution rules such as
Priority and Combining can be simulated with constant ogathby Collision).

Keywords: parallel computation, real-time computation, reconfi@pleanultiple bus machine, recon-
figurable network, parallel random access machine, br@hedth selective reduction, concurrent-read
concurrent-write conflict resolution rules, graph acdaBgi problem

1 Introduction

The concurrent-read concurrent-write parallel randonesgenachine (CRCW PRAM) is the most conve-
nient model of parallel computation and so it is used extefgiin analyzing parallel solutions to vari-
ous problems. Lower bounds on the PRAM are in particular etmyng. The Priority CRCW PRAM is
sometimes considered [17] to be at the upper level of feagibrallel models. The broadcast with se-
lective reduction (BSR) [2, 4] on the other hand is at presketmost powerful model of parallel com-
putation, with the Combining CRCW PRAM falling somewherebigtween. By logical extension of the
Priority CRCW PRAM being at the upper end of the feasibilibam, the Combining CRCW PRAM and
the BSR should not be considered feasible. The BSR in p&aticsi often frowned upon as too powerful
to be practical (even despite the existence of a feasibléeimgntation [3]), but is attractive from the point

*This research was supported by the Natural Sciences andéargig Research Council of Canada. Part of this researsh wa
also supported by Bishop’s University.



of view of analysis and design of algorithms. Indeed, fast efficient algorithms for the BSR have been
developed for various problems [14, 15].

Models with directed reconfigurable buses (namely the titececonfigurable multiple bus machine
or DRMBM and the directed reconfigurable network or DRN) hiagen studied in the past [5, 19], being
recognized as realistic models for VLSI design and othealfgmachines [6, 13]. While the BSR embraces
the combining of values written simultaneously into the eanemory location, such a combination is justly
disregarded (in as much as little to no work exists on theamatin bus-based models. Indeed, it is highly
guestionable how could such a combining operation be imghdad on distributed resources such as buses.

It is widely believed (though to our knowledge not provenattiriority CRCW PRAM is strictly
less powerful that the Combining CRCW PRAM, which is in tutricsly less powerful than the BSR.
The models with directed reconfigurable buses have beenrshliowbe at least as powerful as the
Priority CRCW PRAM [22] but are otherwise not placed anyvehierthis hierarchy.

In all, mirroring the beliefs and formal results summarizdabve, one can identify two “categories”
of models of parallel computation: we thus call the Prio@iRCW PRAM and the models below it
in terms of computational powdightweight models, with theheavyweightmodels represented by the
Combining CRCW PRAM, the BSR, and the models with directedméigurable buses.

The purpose of this paper is then to analyze the relationdmivthese two categories in terms of com-
putational power, as well as the relations between varioodefs within the heavyweight class. Although
not always explicit, we always have in mind real-time coragiohs, so we are using a strong notion of
relationship: we say that model A is more powerful than m&lehly if ¢(n) computational steps of model
B using polynomial resources can be simulatedift(n)) steps of model A using polynomial resources.
We often accomplish this by showing how one model is capatdemulating one computational step of the
second model in constant time (and the other way around wkeme want to prove equality).

We start our analysis however on the reconfiguration sidevi®us work [7, 8] completed the character-
ization of models with directed reconfigurable buses rugirnconstant time. Between other things, it was
found that the Collision conflict resolution rule is univaréor these models, meaning that it can simulate
the other powerful (and likely unfeasible) conflict resauatrules. We show here that the universality of
Collision on directed reconfigurable buses is not restli¢tethe constant time case, but happens for any
running time.

We then use the result mentioned in the above paragraphlasimbivation and tool to offer an analysis
of computational power for various models of parallel comagion. As expected, we find that the class of
heavyweight models is strictly more powerful than the clalskghtweight models. Surprisingly, we also
find that all the heavyweight models are however equivaldtit each other, despite the perceived high
computational power of the BSR.

Our results are rather significant, as we essentially freattalysis of parallel algorithms and problems
from a number of restrictions such as whether using the gaWwBroadcast instruction of the BSR dimin-
ishes the practicality of the analysis (specifically, weraseaware of any real shared memory machine that
implements Broadcast, yet as a consequence of our resthiltasumstruction can be used with no conse-
guences in the design of algorithms for such machines), ethven using the Combining resolution rule on
distributed resources like buses diminishes the prattiazithe analysis. At the same time, we offer a strict
delimitation between the two classes of heavyweight artdwigight models of parallel computation.

These results are in particular significant from the pointiedv of the analysis and design of algorithms
on models with reconfigurable buses: For one thing, we make/ttole discussion of whether Combining is
feasible irrelevant, and we allow the analysis and desigms&oCombining as conflict resolution rule with
the knowledge that the implementation can then be realizetyuhe easily implementable Collision rule



instead. Secondly, we show that the analysis and desigmgofigdims on models with reconfigurable buses
does not need to be done directly on that model; indeed, we &hat one can use the possibly more
convenient (and certainly powerful) BSR for this purposéhwhe knowledge that any BSR algorithm or
analysis is directly applicable to the target model (wittorgfigurable buses).

Furthermore, these results become particularly significaconjunction with previous work on real-
time parallel computations [8]. We show that the CombinirRGCW PRAM and the BSR are as powerful as
reconfigurable buses (thus being useful for the design aalgsis of VLSI circuits). We also show that the
Combining CRCW PRAM is the simplest model that can solve tixadl the problems solvable under no
matter how tight real-time constraints. In effect, we “slifyfj the domain of real time, thus strengthening
previous results on real-time computations.

The paper continues as follows: We present in the next settt®onecessary preliminaries, including the
previously obtained characterization of constant time atations on directed reconfigurable buses. The
universality of the Collision resolution rule is estabishin Section 3. The characterization of heavyweight
and lightweight models is the subject of Section 4, whicholfofved by some generalizations, including
real-time considerations in Section 5. We conclude in $adii

2 Preliminaries

Results proved elsewhere are introduced henceforth ag$itioms, whereas results proved in this work are
introduced as Theorems. Intermediate results are all Lemima

Given a directed grapty = ({1,2,...,n}, E) (expressed for instance by an adjacency matrix), AP
is the problem of determining whether vertgxs accessible from vertek Givenn integer datar, xo,

..., &y, the problem of computing the function PARITYz 1, x2, ..., 2,) = (i, ;) mod 2 is denoted
by PARITY,,. L [NL] is the set of languages that are accepted by deterministicdeterministic] Turing
machines that use at maS{log n) work space on any input of size[18]. By standard abuse of notation
we also usé. andNL for problems (rather than languages).

For some languagé € NL there exists a nondeterministic Turing machile = (K, X, d, sg) that
acceptdl and use®)(log n) work space K is the set of states (not containing the halt stgte is the tape
alphabet (we can assume without loss of generality Yhat {0, 1}), ¢ is the transition relation, anl) is
the initial state.M accepts an input string if and only if M halts onz. A configuration ofAf working on
inputz is defined as a tuplgs, i, w, j), wheres is the state; and; are the positions of the heads on the input
and work tapes, respectively, andis the content of the work tape. There are therefark(n) possible
configurations of\/. For two configurations; andvy, we writev, F vy if and only if v5 can be obtained by
applyingé exactly once on; [18]. The set of possible configurations f working onx forms a directed
graphG(M, z) = (V, E) as follows: V' contains one vertex for each and every possible configuratio
M working onz, and(vy,v9) € E if and only if v;  ve; thenz € L if and only if some configuration
(h,in, wp, jn) is accessible 7 (M, =) from the initial configuration. For any languadgec NL and anyz,
determining whether € L can thus be reduced to the problem GAR for G(M, z) = (V, E), whereM
is anNL Turing machine that decidds.

The class of problems ilNL with the addition of real-time constraints is denoted Ml /rt [8].
rt-PROCY (f) denotes the class of those problems solvable in real timédyarallel model of compu-
tation M that usesf(n) processors (andl(n) buses if applicable) for any input of size The following
strongly supported conjecture is then established.

Claim 1 [8] rt-PROCRCW F-DRMBM )14, (12)) = NL/rt.



Two main models with reconfigurable buses have been dewtliopthe literature: theeconfigurable
network (RN for short) [5, 20] and theeconfigurable multiple bus machifer RMBM) [19, 20]. Shared
memory models are more often than not represented bypdlellel random access machirjer PRAM)
[2, 17] and by its extension, tHeoadcast with selective reductigar BSR) [4].

2.1 The PRAM and the BSR

A PRAM [2, 17] consists in a number of processors that sharenanton random-access memory. The
processors execute the instructions of a parallel algargfinchronously. The shared memory stores inter-
mediate data and results, and also serves as communicatidinmmfor the processors. The model is fur-
ther specified by defining the memory access mode; we thumabtelusive-read exclusive-write (EREW),
concurrent-read exclusive-write (CREW) and concurreatdr concurrent-write (CRCW) PRAM. While
reading concurrently from the shared memory is definedgtitfmirwardly, writing concurrently into the
shared memory requires the introduction of a conflict raswmiuule (for the case in which two or more pro-
cessors write into the same memory location). Four suchicbrékolution rules are in use: Common (the
processors writing simultaneously in the same memory imcahust write the same value or else the al-
gorithm fails), Collision (multiple processors writingttnthe same memory location garble the result so
that a special “collision” marker ends up written at thataban instead of any processor-provided data),
Priority (processors are statically numbered and the mgtooation receives the value written by the low-
est numbered processor), and Combining (where a binanygiatise reduction operation is performed on
all the values sent by all the processors to the same memeatido and the result is stored in that memory
location).

Given the obviously increased computational power as wetha straightforward implementation of
concurrent-read machines, we will not consider exclusdas variants. For similar reasons, exclusive-write
machines will receive a spotty consideration (if any).

The BSR model [2, 3, 4] is an extension of the Combining CRCVWARR All the read and write op-
erations of the Combining CRCW PRAM can also be performedhgyBSR. In addition, all the BSR
processor can write simultaneously into all the memorytiona (the Broadcast instruction). Every Broad-
cast instruction consists in three steps: Inbineadcasting stepall then participating processors produce
a datumd; and a tagy;, 1 < i < n, destined to all then memory locations. In theelection stegach of
the m memory locations uses a limif, 1 < j < m and a selection rule-c {<,<,=,>,>,#} to test
the received data; the datui# is selected for the next step if and onlygif ~ ;. Finally, thereduction
stepcombines all the datd; destined for memory locatiofy 1 < j < m and selected in the previous step
using a binary, associative opera®y and then writes the result into memory locatipnThe Broadcast
instruction is performed simultaneously for all the prams and all the memory locations.

Typically, the reduction operatofR of the BSR as well as the Combining operator of the
Combining CRCW PRAM can be any of the following operatiots(sum),II (product), /A (logical con-
junction)\/ (logical disjunction)&p (logical exclusive disjunction)pax (maximum), andnin (minimum).

We denote byX CRCW PRAMp(n),t(n)) the class of problems of size that are solvable in
time ¢(n) on a CRCW PRAM that useg(n) processors and{ as collision resolution rule X &
{Common Collision, Priority, Combining}. Similarly, we denote by BSR(n), t(n)) the class of problems
of sizen that are solvable in tim&n) on a BSR that uses(n) processors.

The notion of uniform families of PRAM or BSR machines exigi6] and is similar to the notion of
uniformity for models with reconfigurable buses (to be idtroed below). However, we do not need such
a notion in this paper. Still, we assume as customary thatamagion in the shared memory hlag n size
for an input of sizen, and that the number of memory locations are upper boundedgomyynomial in the
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number of processors used. Again as usual, we assume thaB&RB or PRAM processor has a constant
number of internal registers, each of slag n. Finally, we assume that every PRAM processor knows its
number as well as the total number of processors in the system

We will use the following results regarding the PRAM and tH&RB

Proposition 2.1 [9]PARITY,, ¢ Priority CRCW PRAMpoly(n), O(1)).

Proposition 2.2 [14] The reflexive and transitive closure of a graph wittvertices (and thus the graph
accessibility problem) is iBSR(n?, O(1)).

2.2 The RMBM and the RN

An RMBM [19] consists of a set gf processorsandb buses For each processerand bush there exists a
switchcontrolled by processar Using these switches, a processor has access to the busemgyable to
read or write from/to any bus. A processor may be ablsegment bus, obtaining thus two independent,
shorter buses, and it is allowed fiaseany number of buses together by usinduse lineperpendicular
to and intersecting all the buses. DRMBM, ttieectedvariant of RMBM, is identical to the undirected
model, except for the definition of fuse lines: Each procefsatures two fuse linesilbwnandup). Each
of these fuse lines can be electrically connected to any Assume that, at some given moment, buses
i2, ..., 73 are all connected to the down [up] fuse line of some procesdwen, a signal placed on bisis
transmitted in one time unit to all the busgsuch that; > i; [¢; < ¢;]. If some RMBM [DRMBM] is not
allowed to segment buses, then this restricted variantristdd by F-RMBM [F-DRMBM] (for “fusing”
RMBM/DRMBM). The bus widthof some RMBM (DRMBM, etc.) denotes the maximum size of a word
that may be placed (and read) on (from) any bus in one conipuidtstep.

For CRCW RMBM, the most realistic conflict resolution ruledsllision , where two values simulta-
neously written on a bus result in the placement of a spécialljsion” value on that bus. We consider for
completeness other conflict resolution rules such as ComPRraority, and even Combining. However, we
find that all of these rules are in fact equivalent to the sagiyiless powerful Collision rule (Theorem 3.1).
We restrict only the Combining mode, requiring that the conmlg operation be associative and computable
in nondeterministic linear space (this property clearlidedor any reasonable such an operation).

An RMBM (DRMBM, F-DRMBM, etc.) family R = (R,),>1 iS a set containing one
RMBM (DRMBM, etc.) construction for eaclm > 0. A family R solves a problemr if R,
solves all inputs ofr of size n. We say that some RMBM familyR is uniform if there exists
an NL Turing machineM that, givenn, produces the description ak,, using O(log(p(n)b(n)))
work tape cells. We henceforth drop the “uniform” qualifienith the understanding that any
RMBM family described here is uniform. If some familfg = (R,) solves a problemr, and
each R,, n > 0, usesp(n) processors,b(n) buses, X as write conflict resolution ruleX &
{CREW, Common CRCW(Collision CRCW Priority CRCW, Combining CRCW), and runs int(n) time,
then we say that € X RMBM(p(n),b(n),t(n)) (or m € X F-DRMBM(p(n),b(n),t(n)), etc.), and that
R hassize complexity(n)b(n) andtime complexity (n). Whenever we state a property that holds for any
conflict resolution rule we droi (thus writingm € RMBM(p(n), b(n),t(n)), etc.).

It should be noted that a directed RMBM can simulate an untiicteRMBM by simply keeping all the
up and down fuse lines synchronized with each other.

An RN [5] is a network of processors representable as a coehecaph whose vertices are the proces-
sors and whose edges represent fixed connections betwemssgocos. Each edge incident to a processor
corresponds to a (bidirectional) port of the processor. dcpssor can partition its ports such that all the



ports in the same block of the partition are electrically reeted (fused) together. The edges that are
thus connected together form a bus. CREW, Common CRCW, EnliCRCW, etc. are defined as for
the the RMBM model. ThelirectedRN (DRN) is similar to the RN, except that the edges are daekct
The concept of (uniform) RN family is identical to the RMBM mmept. For some write conflict reso-
lution rule X (X € {CREW,Common CRCWCollision CRCW Priority CRCW, Combining CRCW),
X RN(p(n),t(n)) [X DRN(p(n),t(n))] is the set of problems solvable by RN [DRN] uniform families
with p(n) processorsy(n) is also called thesize complexifyand¢(n) running time using the conflict res-
olution rule X. We dropX when the stated property refers to any conflict resolutide, s we do in the
RMBM case.

As in the RMBM case, we note that for any undirected RN theist®xa directed RN with the same
size complexity and the same running time that simulataket directed RN provides a couple of edges of
opposite directionality for every edge in the undirected)RN

2.3 Reconfiguration and Small Space

The characterization of constant time DRMBM and DRN comiporng mentioned in the introduction of
this paper can be summarized as follows:

Proposition 2.3 [7, 8]For anyn € IN,

1. DRN(poly(n),O(1)) = DRMBM /(poly(n), poly(n),O(1)) = NL = Collision CRCW
F-DRMBM(poly(n), poly(n), O(1)) with bus widthl = Collision CRCW DRNpoly(n), O(1)) with
bus widthl.

2. ForanyX € {CRCW,CREW}, Y € {D,¢c}, Z € {RN(poly(n),O0(1)), RMBM (poly(n), poly(n),
O(1))} and for any write conflict resolution rule, it holds that Y Z C Collision CRCWZ with bus
width 1.

3. For any problemr solvable in constant time by some (directed or undireciRBBM family using
poly(n) processors angoly(n) buses,m € Collision CRCW F-DRMBMpoly(n), poly(n), O(1))
with bus widthl.

While further studying the Collision rule we shall make usdve intermediate results used to prove
Proposition 2.3. To make this paper self contained we irchelow a sketch of the proof of the first result
(but we only state the second result, which has a similarfproo

Lemma 2.4 [8]Vn € IN: CRCW DRMBM(poly(n), poly(n),O(1)) C NL, for any write conflict resolu-
tion rule and any bus width.

Proof. Consider some directed RMBM € CRCW DRMBM(poly(n),poly(n),O(1)) performing step
d of its computation(d < O(1)). We find anNL Turing machine)M, that generates the description Bf
after stepd usingO(log n) space, and thus [10] &ML Turing machinel/), that receives)’ (the number of
processors i) and some < i < n’/, and outputs the}(log n) long) description for processeérinstead
of the whole description. We establish the existencé/gfand M/, by induction overd.

M exists by the definition of a uniform family. For each pro@ess and each bus read byp; during
stepd, M, behaves as followsd; maintains two word$ andp, initially empty. M, determines for every
p; whetherp; writes on busk. M, needs to perform GAR (NL-complete [18] and thus computable in



nondeterministicO (log n) space) for this step. The local bus configurations at eactepsor (that is, the
edges of the graph for GAP) are obtained by calls td/),_,.

If p; writes on busk, thenM; usesM,_, to determine the value written byp; , and updates andp
as follows: (a) If bis empty, then it is set to, andp is set toj. (b) If R uses the Collision rule, the collision
signal is placed im. (c) If the conflict resolution rule is Priorityy and;j are compared,; if the latter denotes
a higher priority, them is set tov andp is set toj, otherwise, neithes nor p are modified; the Common rule
is handled similarly.(d) If R uses the Combining resolution rule with operatigrb is set to the result of
b o v (noting that the operation is associative and so the resulting value eventually writte the bus is
correct; the operation can be performedifiog n) space, since the length of bdtlandv is O(log ), and
o is computable in linear space).

Once the content of busis determined, the configuration pfis updated accordingly,andp are reset,
and the same computation is performed for the next bus afal/tie next processor. [ |

Lemma 2.5 [7]For any X € {CRCW,CREW}, Y € {D,¢}, n € IN, and for any write conflict resolution
rule, it holds thatX Y'RN(poly(n),O(1)) C Collision CRCW DRNpoly(n), O(1)).

3 Collision Is Universal On Directed Reconfigurable Buses

The results regarding constant time computations on dideetconfigurable buses can be used to extend the
universality of the Collision conflict resolution rule toyarunning time.

Theorem 3.1 The Collision conflict resolution rule is universal on models with diretteeconfigurable
buses; that is: For anyX\’ € {CRCW,CREW}, Y € {D, ¢}, Z € {RN(poly(n), -), RMBM (poly(n),
poly(n),-)}, andt : IN — IN it holds thatvn € IN : X Z(t(n)) C Collision CRCW DZ(O(t(n))).

Proof. The proof is immediate for CREW machines, so we only consziRCW machines. We will first
replace such a machine with a CREW machine and then we use @Aputations to accomplish the result
of the original concurrent write operations.

Let R be an RMBM family in CRCW DRMBMpoly(n), poly(n),t(n)), and recall theNL machines
M, constructed in the proof of Lemma 2.4. We then take the aalgR) replace its conflict resolution
rule with Collision, and then split every stéf the computation of? into a constant number of steps, as
follows:

1. Each processags of R reads the content of the original buses as required and tedarms the
prescribed computation for stépexcept that whenever wants to write to bug it also writes the
same value of a dedicated bkjs(there is one such a bus for each processor).

2. A suitably modified machiné//, from the proof of Lemma 2.4 (call this machidé) computes the
content of all the original buses of the network, based orctmgigurations of all the processors and
the content of the (newy), buses; the content of bisthus computed is placed on a brand new Bus
The meaning of “suitably modified” is that the machine doesteed to determine the configurations
of the processors aoR (that is, how they fuse and segment buses); indeed, thediguations are
already present in the processors themselves, so the meagtiirns directly with GAP computations
to determine the content of the buses, as described in tloé gitemma 2.4.

3. A designated processpy transfers the content of biés onto busk and the algorithm continues with
step: + 1.



Given thatM is anNL Turing machine, it can be implemented by a polynomially echDRMBM
Ry, that runs in constant time, so the modified steapkesO(1) time (and then the whole computation
takesO(t(n)) time, as desired). This new RMBM needs to read the configumsitof R; for this purpose a
polynomial number of new buses can interconnect each poce$R with each processor dt,;. We end
up with a polynomial number of buses; that we have a polynbmienber of processors is immediate. The
correctness of the transformation follows from Lemma 2.d Rroposition 2.3. The proof is complete.

The proof for RN represents a minor variation of the abovepi light of Lemma 2.5 (that replaces
Lemma 2.4) and of Proposition 2.3. [ |

4 The Heavyweight and Lightweight Classes of Parallel Modsl

Recall that we called Priority CRCW PRAM and all the modeldesks computational power lightweight,
while the Combining CRCW PRAM, the BSR, and the models witteated reconfigurable buses were
called heavyweight. We show in this section that all the kre@ight models have the same computational
power, and that they are strictly more powerful than thetligfight models:

Theorem 4.1 For anyn € IN and for anyX € {Collision, Commor},

X CRCW PRAMpoly(n),O(t(n))) C Priority CRCW PRAMpoly(n),O(t(n))) C
Combining CRCW PRAMpoly(n), O(t(n))) = BSR(poly(n),O(t(n)))
DRMBM (poly(n), poly(n), O(t(n))) = DRN(poly(n), O(t(n))).

Proof. Theorem 4.1 is a direct consequence of Lemmata 4.2 to 4.Wwbé&pecifically, all the inclusions
shown in the theorem are proven in the mentioned Lemmatayoad

That DRMBM(poly(n), poly(n), O(t(n))) = DRN(poly(n), O(t(n))) is shown elsewhere [19]. W

We complete all the proofs below by showing how the model @nripht hand side of the inclusion
simulates in constant time one computational step of theatnma the left hand side. Once this is shown,
the inclusion that needs to be proven becomes immediate.

We note that some of the hierarchy analyzed here has alsditnamtigated earlier [12]. In particular,
Lemma 4.2 has been established in a stronger version [12lglyathat the two models are equivalent). For
completeness however we include here our proof of thistesul

Lemma 4.2 ¥n € IN : Collision CRCW PRAMpoly(n), O(t(n))) C Priority CRCW PRAMpoly(n),
O(t(n)))-

Proof. A Collision CRCW PRAM withk processorg;, 1 < i < k andm memory locations;;, 1 < j <m
is readily simulated by a Priority CRCW PRAM wittk 4+ m processors denoted W 1<i<k), pg
(I <4< k), andp]* (1 < j < m). (Note however that the processor grqifp and the processor gromé

p|USpZT take turns in the simulation, so the actual number of prazes®quired isnax(2k, m); however,
the explicit differentiation eases the presentation.)

In addition to the original memory locations, we use two more “banks” of the same sizjjeandu},
1 < j < m. A Collision CRCW PRAM step (read, compute, write) is thamsiated as follows:

1. For everyl < i < k, both the processors; andp},, , perform the same read, compute, and
write cycle as the original;, with the following addition: Whenever procesgijrwrites into memory
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locationu;, it also writes its numbef into memory location:!; similarly, whenever processpiﬂ_i
writes into memory locatiom, it also writes its numbek + 1 — i into memory Iocatiom}.

2. Every processar;” writes the collision value into memory locatian if and only if ujl =+ ujT

That the above simulation takes constant time is immedid¢e further that after Step 1 of the simulation
the Iocationu]l. [u}] contains the index of the lowest [highest] ranked origjmraicessor{;)that modified the
memory location:; (indeed, we operate on a Priority CRCW model, so only the éhwembered processor
succeeds in writing into a given memory location; we thensehtihe processors numbers in appropriate
manner for the desired property to happen). Then, Wherwe}/e# u]T more than one processor wrote
into the given memory location, so a collision occurred.pRelaces collision markers accordingly. The
simulation is complete. [ |

Lemma 4.3 ¥n € IN : Common CRCW PRANboly(n),O(t(n))) C Priority CRCW PRAMpoly(n),
O(t(n)))-

Proof. We simulate now a computational step of a Common CRCW PRAM wiprocessors anch
memory locations in constant time using a Priority CRCW PRAMe simulation will use the same number
k of processors (we denote thempyy 1 < i < k) and the same memory space (denoted Qy< j < m).
The simulation proceeds as follows:

1. All the processorg; carry on the computational step prescribed by the Common\WWRKAM al-
gorithm, including the operation of writing into the shamémory (recall however that we are now
using the Priority conflict resolution rule).

2. Each processagy; that wrote a valuey; into memory locationu; in Step 1 also remembets by
storing it into an otherwise unused internal regigter

3. Everyp; that wrote a value into location; in Step 1 read the content af and compares it with the
content of its registep.

(a) Ifthe contents ofi; andp are the same then eithgr) p; is the sole processor which wrote into
uj, (b) p; is the highest priority processor which wrote intg or (¢) p; and the highest priority
processor agree on the value written into None of these cases violate the Common resolution
rule, sop; does not do anything.

(b) If on the other hand:; and p contain different values, then the value written intp by p;
disagrees with the value written in the same location by sother processor, which in turn
violates the Common resolution rule. gpaborts the algorithm and reports failure.

Note that in effect we chosene of the processors writing concurrently into a memory lcoatas repre-
sentative for all the others (given that we have a Prioritghi@e at our disposal, that representative turned
out to be the processor with the highest priority; howeventiay we chose a representative is immaterial).
Every processor that wants to write a value in some memoatilmt compares now its value with the value
already written by its representative; if the value is d#éf#, then the Common conflict resolution rule is
violated; otherwise all is good and the overall algorithmtawues with the next step.

The above proof uses the usual definition of Common, as pexsém Section 2. Still, we note that
sometimes this definition is termed “Fail-safe Common,’ecaiswhich the “Fail Common” or “Tolerant”



variant is also defined [2, 11]. In such a variant, any contparial step that violates the Common resolution
rule is discarded completely (that is, for all the processorthe system) and the algorithm continues with
the next step (instead of aborting the computation). A pfoothis modified variant of Common is readily
possible. Indeed, all we need is “backup” copies of the mgrtamations used by the algorithm, plus one
memory location used to signal any violation to everybodiie processors now use the backup memory
to perform all the simulation described above, except they set the violation flag instead of aborting the
algorithm whenever a violation of the Common resolutio® mdcurs (since is is just a flag, using Priority as
conflict resolution rule will do just as well as almost anyathule). At the end of the computational step,
all the processors inspect the flag and write again the véhagsvanted to write in the first place (this time
in the main memory, not the backup) only if the flag is not sdtpowise they all proceed to the next step
immediately, thus leaving the main working memory unchange [ |

Lemma 4.4 ¥n € IN : Priority CRCW PRAMpoly(n), O(t(n))) € Combining CRCW PRANpoly(n),
O(t(n)))-

Proof. A Priority CRCW PRAM withk processorg;, 1 < i < k andm memory locations:;, 1 < j <m
is readily simulated by a Combining CRCW PRAM with the samenbar of processors (denoted pf)
and2m memory locations (denoted hy andu}):

1. Each processgf, performs the same read and compute operatiops #sstead of writing (to memory
locationu;), p; however performs a “dry run” by writing its number into meryldmcationu; using a
Combining CRCW write withmin as combining operation.

2. Each processay, performs now the real write operation: It writes into the negynlocationw; in
which it wanted to write to begin with, but does so only if itsmber matches the value storeohfp
Themin as combining operation performed over the Iocatiops';n the previous step ensures that a
matching occurs only for the lowest numbered processoresisatl.

That Combining CRCW PRANboly(n), O(t(n))) # Priority CRCW PRAMpoly(n), O(t(n))) is an im-
mediate extension of Proposition 2.1. Indeed, by Promosi2il PARITY, is not solvable in constant time
on a Priority CRCW PRAM with polynomial number of processo@n the other hand, PARIT,Yis triv-
ially solvable in constant time using a Combining CRCW PRANMhw: processors: Every procesggrof
such a maching, < ¢ < n holds one input datuna; and writes it into some designated memaory locagion
by performing a Combining CRCW usirlg as combining operation; then performs a modulo operation
on . and thusu contains the output of PARIT,Yfor the given instance, as desired. [ |

Lemma 4.5 ¥n € IN : Combining CRCW PRANpoly(n),O(t(n))) = BSR(poly(n), O(t(n))).

Proof. ~ That Combining CRCW PRANboly(n),t(n)) € BSR(poly(n),O(t(n))) is immediate from
the definition of the BSR. Surprisingly enough, the revemseusion is also true. We show now
this reverse inclusion. Specifically, we show how one BSR mamational step is simulated by a
Combining CRCW PRAM in constant time.

Consider a BSR witlt processors anth memory locations. Every BSR procesggiis simulated by a
set ofm PRAM processors;;, 1 < j < m. The PRAM memory is doubled, every BSR memory location
u; will be simulated by two PRAM memory Iocation# andué., 1 < j < m. Finally, the PRAM uses
extra processorg;, 1 < j < m (once more processofs andr;; actually take turns in the simulation so
we differentiate them for convenience only; the actual nend$ processors used is in fact smaller as these
two groups can overlap with each other). The PRAM simulatiba BSR Broadcast step (read, compute,
Broadcast) then proceeds as follows:
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e Read and Computefor1 < ¢ < n, all the processors;;, 1 < j < m perform the reading and the
computation prescribed fgr;. Every time some processor wants to read the value; af will read
the value ofu? instead. Processors; will then all hold the values of the datumy and the tagy;
originally computed by;.

Note that there are groups of processors; all the processors in the same group perform the same
computation. This may appear wasteful but is intentional aill be used to simulate the Broadcast
instruction.

e Selection limitsEvery processop; computes the limit; associated with; in the selection phase of
the BSR step, and stores it in the memory Iocaﬂ@m

e Broadcast instructionr;; will be responsible for the data written by the BSR procegsamto mem-
ory locationr;:

1. r;; reads/; from memory Iocatiorug. so that it holdsl;, g;, andl;;
2. r;; then computes the selection criterign~ [; as prescribed by the BSR algorithm;

3. r;; writes d; into memory Iocationu;? if and only if g ~ [; = True, using a
Combining CRCW write with the combining operator presatlithy the BSR algorithm.

Note that for some fixedall the processors;;, 1 < j < m contain identical data, gg’s replacement
covers all the memory locations, thus realizing the dedireddcast.

In effect, we use one PRAM processor for every pair processemory location in the BSR algorithm.
This allows for an immediate simulation of the broadcastsghaf a Broadcast instruction: Instead of broad-
casting, every PRAM processor is now responsible for wgitmone memory location only; but then since
we have as many processors as memory locations, we norssthelée to all the memory locations at once,
as desired. The correctness of the rest of the simulationnsadiate, and so is the overall constant running
time. [ |

Lemma 4.6 Vn € IN : BSR(poly(n),t(n)) € DRMBM/(poly(n), poly(n), O(t(n))).

Proof. We are given a BSR witlk processors angh memory locations. Without loss of generality we
build a Combining CRCW DRMBM that simulates the given BSR;if@eed, once such a construction is
established a Collision CRCW DRMBM with polynomially bowdiresources an@(¢(n)) running time
is an immediate consequence of Theorem 3.1.

Our DRMBM is depicted in Figure 1. It hag + 1) x m processors, which we denote py;, 1 <
i <k+1,1<j < m. The “real” processorp;, 1 < ¢ < k perform identically to the processors of
the original BSR (except for the bus manipulation routind$)e “memory” processorgy 1, 1 < j < m
simulate the locations of the shared memaory. They desigmaeaegistey that will hold the data stored in
the respective memory location.

As shown in the figure, the DRMBM featurés-m buses denoted bi;, 1 <: < kandL;,1 < j < m.
In addition, every “memory” processegr,.; ; has a dedicated bus/;, 1 < j < m (not shown in the
figure). The DRMBM simulates one step of the BSR computattbat(is, one read-compute-broadcast-
select-reduce cycle) in constant time as follows (selesteps are shown as circled numbers in the figure):

1. Every "“memory” processqf.1 ; puts the datum held in its designated regigt&m bus);. Every
“real” processop; ; that is interested in some memory data reads the bus of stitere
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Figure 1: A DRMBM simulation of the BSR

2. All the “real” processorg; ; perform the computation prescribed by the BSR algorithm.

3. Every “real” processop; broadcasts the computed péif;, g;) by putting it on busD;. Every
“memory” processopy1,; computes and broadcasts its lifjitoy placing it on bud’;.

4. The processors; ;, 1 < i < k,1 < j < m implement now the selection phasg;; reads the pair
(d;, g;) and the limit/; from the busedD; and L;, respectively. It then computes ~ [; and places
d; on busL; as appropriate (if and only if; ~ I; = True).

5. The reduction is accomplished by the busesl < j < m which perform the combining (reduction)
operation prescribed by the BSR algorithm. (Recall that se@ombining without loss of generality,
as we can then convert the Combining RMBM into a Collision RiBsing Theorem 3.1.)

6. Finally, every “memory” processar, 1 ; reads bud.; and stores the datum thus obtained into its
designated register.

It is immediate that the above steps complete in constaetaind accomplish the desired computation. This
sequence of steps is applied repeatedly for every steprpeztbby the BSR. The running time of the whole
simulation is therO(t(n)), as desired. We havé + 1) x m = poly(n) processors an?in + k = poly(n)
buses, so the DRMBM uses polynomial resources. The proafigptete. [ |

Lemma 4.7 ¥n € IN : DRMBM /(poly(n), poly(n),t(n)) € BSR(poly(n), O(t(n))).

Proof. The proof of this result relies as expected on Propositi@n Phe capability of the BSR to compute
the reflexive and transitive closure (or equivalently GAPgonstant time allows this model to simulate bus
fusing, which is the only essential supplementary cagsibili the RMBM over the BSR. Indeed, we use
the same technique we used in the proof of Theorem 3.1, imthaimulate first a DRMBM that does not
fuse buses, and then we combine the content of the (unfuseds lusing GAP computations.

As before, we complete the proof by showing how a DRMBM corapahal step can be simulated in
constant time by a BSR. By Proposition 2.3, a proof for thdi€iloh F-DRMBM suffices.
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Consider then a Collision F-DRMBM with processors angh buses. The BSR that simulates it uges
processorg;, 1 < i < k to simulate the DRMBM processors antt processors (referred to collectively as
P¢andindividually agy;, 1 < i, j < m) dedicated to the computation of the reflexive and trarsitiesure
of anm xm graph. In terms of memory space, the notable areas ineiudiemory location$; and another
m memory locationsg:;;, 1 < j < m to simulate the buses; x m memory locationgs;;, 1 <i,j < mto
hold the connectivity graph for the buses, and another m memory locationg”; ;, 1 <, 5 < m to hold
the closure of the aforementioned graph. We assume tha éxests a value never placed on a bus by any
DRMBM processor (the collision marker).

A computational step of a DRMBM processor consists in thiofahg phases: read from the buses,
perform the prescribed computation (thus determining Wbiaes to fuse and what to write to buses), fuse
buses, write to buses. The BSR simulation of one DRMBM stepgeds then as follows:

1. TheP* processors initialize in parall€};; to False an@; t0 0,1 < i,j <m

2. Everyp, reads the memory locatios as prescribed by the DRMBM algorithm (we replace reading
buses with reading memory locations).

3. Everyp; performs the operations prescribed by the DRMBM algorithm.

4. Everyp; that wants to fuse buses in the DRMBM algorithm broadcasie i all the memory location
G corresponding to busesandv being fused. The writing is a Combining CRCW write wighas
combining operator.

5. The locationg7,,, 1 < u,v < m now hold the adjacency matrix of the graph of connected buses
The processor$* then compute the closure 6f, putting the result ir’; ;, 1 <4,j < m.

6. Every processop; that wants to write some value to byiswrites the corresponding value intg
using a Combining CRCW write with any combining operatod amites 1 into memory location;
using a Combining CRCW write withl as combining operator.

7. The processor®“ now alter the content of; andc; as follows: IfC;; = False, therpj; does not
do anything. Otherwisey;; reads the value frorb; and writes it into the memory locatidn using a
Combining CRCW write with any combining operatof;; also reads the value from and writes it
into the memory locatior; using a Combining CRCW write withi as combining operator.

8. Everyp§;, 1 < j < mreadsc; and places the collision marker into memory locatoif and only if
cj > 1.

Reading data from the buses and performing the prescribmpuiation are simulated by Steps 2 and 3
above, respectively. Fusing the buses is prepared in Step taried out in Steps 4%; = True if and
only if buses:i andj are fused together directly by a processor) and’§ & true if and only if buses
1 and j are fused together either directly by a processor of via ancbafused buses). Writing on the
buses is performed in Step 6 (each bus receives the datemdtit directly by some processors) and 7
(the bus content is propagated according to the fused busésle end of Step Z; contains the number
of processors that have written on biusgeither directly or via fused buses); df is one or zero, then the
bus should be left alone; otherwise, a collision has happand we place the collision marker accordingly
(Step 8).

We argue that Step 4 is achievable in constant time, as fslldlere is no specification of how many
buses can be fused and in what combination by a DRMBM. Howev&®RMBM processor should be
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capable of computing the configuration of fused buses intaah$ime. Then the BSR processor simulating

the DRMBM processor will also determine the correspondirmpticast parameters in constant time, since
it is the same processor in terms of computational cap@siliStep 5 takes constant time by Proposition 2.2.
The other steps are immediately achievable in constant time [ |

5 GAP, the Universality of Collision, and Real Time Consideations

As far a constant time computations are concerned, we notmh@ast between the power of conflict
resolution rules for models with directed reconfigurabledsu(DRMBM and DRN) on one hand, and for
shared memory models (PRAM) on the other hand. Accordingiteesults, Collision is the most powerful
rule on DRMBM and DRN. By contrast, we showed in Theorem 4at the Combining CRCW PRAM is
strictly more powerful than the Collision CRCW PRAM.

We also note that the ability of DRMBM (and DRN) to compute GHlRconstant time is central to
the constant time universality of the Collision rule, ansbatletermines that exactly all DRMBM and DRN
computations are iNL; we also note that GAP NL-complete [18]. In light of this, we consider the classes
Mcgap, M=gap, andM- ¢ 4 p Of parallel models of computations using polynomially bded resources
(processors and, if applicable, buses), such that:

M.gap contains exactly all the models that cannot compute GAP istamt time, and cannot compute in
constant time any problem outsiti..

M=gap contains exactly all the models that can compute GAP in emhgime, but cannot compute in
constant time any problem outsiti .

M.gap contains exactly all the models that can compute GAP in emgime and can compute in con-
stant time at least one problem outside. To our knowledge, no model has been proved to pertain
to such a class.

As a direct consequence of Theorem 4.1, we can populate ttimeseclasses (or at least the first two) in
a meaningful manner:

Theorem 5.1 1. Combining CRCW PRANpoly(n),O(1)) = BSR(poly(n),O(1)) =
DRMBM (poly(n), poly(n), O(1)) = DRN(poly(n),O(1)) = NL.

2. X CRCW PRAMpoly(n),t(n)) € Mcgap for any X € {Collision, Priority, Commor}.
3. Combining CRCW PRANMBSR DRN,DRMBM € M=gap.

Proof. Immediate from definitions, Theorem 4.1, and Propositicéh 2. [ |
We can also extend Claim 1 as follows:

Theorem 5.2 For any models of computatiokly, M, and M3 such thatMy € Mogap, My € M=gap,
and M3 € M.gap, it holds that

nt-PROC (poly(n)) < NL/rt (1)
nt-PROC"2 (poly(n)) = NL/rt (2)
nt-PROC" (poly(n)) > NL/rt (3)
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Proof. Minor variations of previous arguments [8] show that thosmputations which can be performed
in constant time od/;, 1 < i < 3, can be performed in the presence of however tight time aingt (and
thus in real time in general). Then, Relations (1) and (Ipflimmediately from Claim 1. By the same
argument, rt-PRO&2 (poly(n)) D rt-PROCREW F-DRMBM(,514,(n)) holds as well. The equality (and thus
Relation (2)) is given directly by the arguments that sup@aim 1 [8]. [ |

Thus, the characterization of real-time computationshéisteed by Claim 1 does hold in fact for any
machines that are able to compute GAP in constant time. Téracterization presented in Theorem 5.2 em-
phasizes in fact the strength of Claim 1. Indeed, as notadiqugly (Theorem 4.1), no model more powerful
than the DRMBM is known to exist. That s, according to therent body of knowledgeM -~ ap = (0. Un-
less this relation is found to be false, Claim 1 states egdigrthat no problem outsid8lL can be solved in
real time no matter the model of parallel computation beisgde—that is, Claim 1 holds for all the parallel
models, not just the DRMBM.

6 Conclusions

We found that Collision is the most powerful on DRN and DRMBM finy running time. According to
our results, the discussion regarding the practical fdagibf rules like Priority or Combining on spatially
distributed resources such as buses is no longer of intdrelted, such rules are not only of questionable
feasibility, but also not necessary! We thus offer a powedal in the analysis of models with directed re-
configurable buses and in the design of algorithms for thexieta: One can freely use Combining (Priority,
etc.) rules on these models, with the knowledge that theybeagliminated without penalty—the analysis
or algorithm design uses an “unfeasible” model yet is fullytment to the real world. In fact we used such
a technique ourselves in the proof of Lemma 4.6.

By contrast with models with directed reconfigurable bukegas widely believed that the all-powerful
Combining conflict resolution rule does add computatiormalgr to the PRAM model, and that the BSR’s
Broadcast instruction adds further power. We are to our kedge the first to establish formally a hierarchy
of the PRAM variants that both confirms and contradicts thatrored belief. Indeed, we showed that
Combining does add computational power over “lesser” ruléswever, we also showed that surprisingly
enough the Broadcast instruction does not add computatmmveer over Combining . In fact we estab-
lished an intriguing collapse of the hierarchy of paralleddals at the top of the food chain, where the
Combining CRCW PRAM, the BSR, and the models with directasbméigurable buses turn out to have
identical computational power.

This result offers substantial support for analyses oneshanemory models. Indeed, the power of
BSR’s Broadcast instruction has attracted attention irouarareas of parallel algorithms. Algorithms with
running time as fast as constant have been developed faugaproblems, most notably in the areas of
geometric and graph computations [14, 15]. Of course, enhsime algorithms for such practically mean-
ingful problems are very attractive. Nevertheless, the ehtehds to be frowned upon given its apparent
implementation complexity, even if very efficient implent&iions have been proposed [3]. In addition, we
are not aware of any massively parallel machine that imptesthe BSR'’s Broadcast instruction, but many
such machines implement the PRAM model [1, 23]. Our resutwshthat such an instruction—and thus
the full power of the BSR model—can be used in algorithm desigd analysis while keeping the analysis
or the design practically pertinent. In effect, we now showat whether the BSR is feasible or not is
irrelevant, as a Combining PRAM with the same performanakvaith all the attractive properties of the
BSR is automatically available. Same goes for the BSR vettet©ORMBM (or DRN): one can freely
use the BSR model (an abstract, powerful model) to design BRIMIgorithms (or VLSI circuits) and the
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other way around—in essence, one can freely choose betwasnlzer of models, depending on no matter
what issues (ranging from practical feasibility to conestie to mere taste) with the formally supported
knowledge that the results are portable to all the other tsode

This all being said, we note that simulating the Broadcasttuiction on a Combining CRCW PRAM im-
plies a (polynomial) blow-up in the number of processorslu3diis does not change complexity-theoretical
results, but does have practical implications. Unfortalyatwe believe that such a tight simulation of the
Broadcast instruction is not possible without a blow-uphi@ humber of processors.

We also note that most of our proofs are constructive (angetlwehich are not still offer constructive
hints), so we also set the basis for automatic conversiok &ad forth between models. True, we did not
have efficiency in mind, so our constructions are likely tardficient; historically, however inefficient al-
gorithms have always been optimized sooner or later, so \ie/béhat our however sub-optimal algorithms
are nonetheless a significant contribution (in additionstalglishing the actual equivalence).

Beside the significance of our results by themselves, thesd@ts become particularly significant in
conjunction with previous work on real-time parallel cortgiions [8]. In this respect, we noted the central
role of the graph accessibility problem for the DRN and DRMBadults obtained here and also previously.
We further strengthened our previous results on real-tiompritations, eliminating to some degree their
weak point (model dependence). In addition, the CombiniRC®W PRAM joins the family of models
that can solve all the problems known to be solvable under abemhow tight real-time constraints. This
establishes the PRAM as the simplest complete model of ctatipa for real time.
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